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I. INTRODUCTION 
1. Introduction 
The study of the behavior of prestressed concrete beams subject to flex-
ure was initiated at the University of Illinois in 1951. So far, three phases of 
* this investigation have been reported. Billet (1) bas presented a comprehensive 
study of the behavior of post-tensioned bonded beams. Both Feldman (2) and Allen 
(3) have studied post-tensioned unbonded beams. The tests reported herein, to-
gether with the related analyses, are intended to add further to the knowledge of 
the behavior of prestressed concrete beams. 
2. Object 
The object of this report was to study further the effects of several 
'variables on the flexural strength of prestressed concrete beams. The study by 
Allen (3) included unbonded beams having mild steel at the bottom in addition to 
the prestressed reinforcement. One series of tests reported herein was undertaken 
to study the behavior of unbonded beams having mild steel bars added at both the 
top and bottom, in equal amounts. A second series of tests was undertaken to 
study the behavior of pretensioned beams as compared to the behavior of post-
tensioned bonded beams. And, the third series included beams which had varicus 
degrees of unbonding in the flexure span and one beam which was unbonded in the 
shear span only. 
3.. Scope 
Eleven beams were tested. Three beams were designated as Series Wand 
eight as Series J. Series W, which involved the study of unbonded beams with mild 
* Numbers in parentheses refer to entries in the bibliography. 
2 
steel bars added at the top and bottom, had the percentage of steel as a major 
variable. Series J, which included all the pretensioned beams, had for its varia-
bles the percentage of steel and the unbonded length of the reinforcement. In 
both series~ the concrete strength, although not an intended variable, was differ-
ent for most beams. 
The percentage of steel varied from about 0.2 to about 0.8 and the con-
crete strength varied from 4000 psi to 5500 psi. All beams were loaded at the 
third points of a nine-foot span.-
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50 Notation 
The symbol ! is used for stress and € for strain. The subscripts ~ and 
c refer to the steel and concrete, respectively. Other subscripts include: ~, 
referring to conditions at effective prestress after losses; ~,referring to con-
ditions at cracking; ~,referring to conditions at ultimate load; and y, referring 
to yield. The prime (I) and double prime (tt) superscripts refer to quantities 
based on the bonded top and bottom non~prestressed mild 9teel bars, respectively 0 
Beam Constants 
A = :'0 tal 
5 
area of prestressed wire reinforcement 
A' = t.otal area of bonded top mild steel reinforcement s 
All 
= total area of bonded bottom mild steel reinforcement 
s 
b = width of beam 
h = depth of beam 
d = effective depth to wire reinforcement at ultimate 
d' = effective depth to top mild steel reinforcement 
d tf = effective depth to bottom mild steel reinforcement 
p = A /00 S 
pI = A' /oon 
s 
pU = An /00" 
s 
Moments 
Mcr = bending moment at cracking 
Mu = total measured resisting moment at ultimate 
stresses 
concrete 
f' = compressive cylinder strength determined from 6 by l2-in. 
c 
control cylinders 
4 
f = modulus of rupture determined from 6 by' 6 by 20-in. control 
r 
beams 
f = average concrete stress in the compression zone of a beam at 
cu 
ultimate 
steel 
f = effective prestress after losses 
se 
f = stress in wire reinforcement su 
ft 
= stress in top mild steel reinforcement at ultimate 
strains 
su 
fn 
= su 
stress in bottom mild steel reinforcement 
f = yield stress of mild steel reinforcement y 
concrete 
EC = concrete strain at any stage 
at ultimate 
5 
= strain at the level of the wire reinforcement due to effective 
prestress 
EU = maximum concrete strain at first crushing 
steel 
= strain due to effective prestress, f 
. se 
E' 
sa 
= strain in wire reinforcement at ultimate 
= additional strain in wire reinforcement between prestress and 
ultimate 
E' = strain in top mild steel reinforcement at ultimate 
su 
E" = strain in bottom mild steel reinforcement at ultimate 
su 
Parameters 
E = yield strain of mild steel reinforcement y 
k = ratio of the neutral axis depth to the effective wire reinforcement 
depth 
k = ratio of the neutral axis depth to the effective wire reinforcement 
u 
depth at ultimate 
~ = ratio of distance between the top of the beam and the center of com-
pression to the neutral axis depth 
F = strain compatibility factor relating steel strain to maximum com-
preSSion concrete strain 
Es = modulus of elastiCity of steel 
Qt = Esp/fcu 
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II.. DESCRIPTION OF MATERIALS, FABRICATION, AND TEST SPECIMENS 
6.. Materials 
(a) Cement 0 Marquette Type III Portland Cement was used for all the 
beams presented in this report with the exception of beam J-l; Incor Type III 
I 
Portland Cement was used for beam J-lo All the cement was purchased in paper bags j 
from local dealers and stored under proper conditions. 
(b) Aggregates. Wabash river sand and gravel were used in casting all 
the beams. Both aggregates have been previously used in the laboratory and have 
passed the usual specification tests. The absorption of both fine and coarse ag-
gregate was about one per cent by'weight of the surface dry aggregate.. Aggregate 
sieve analysis and fineness modulus of the sand are given in Table 1. 
(c) Concrete Mixeso Concrete mixes were designed by the trial batch 
method. Table 2 lists the proportions of the concrete batches used in each beam. 
Proportions are in terms of oven dry weights. Location of the batches is discussed 
in Section 7( a). The following properties for each batch are also listed in Table 
2: slump, compressive strength, modulus of rupture, age of test, and aggregate 
lot. The compressive strength, fl, is the average strength of a minimum of four 
c 
6 by 12-in. control specimens tested at the same time as the beam. Values reported 
for the modulus of rupture, f , are results of tests of 6 by 6 -by 20-in'- control 
r 
beams loaded at the third points of an 18-in. span .. 
(d) Reinforcing Wire. Two lots of steel designated as Type IX and -Type 
X were used as prestressing reinforcement for the beams. Both types were manufac-
tured by the American Steel and Wire Division of the United States Steel Corpora-
tion and are deSignated by the manufacturer as "Hard Drawn stress Relieved Super-
Tens Wire". The following steps were involved in its manufacture: hot rolling, 
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lead patenting, cold drawing and stress relieving. Both types were delivered in 
coils about six feet in diameter and weighing approximately 300 lb. each. Type IX 
wire was used in Series W and Type X in Series J. The following heat analyses 
have been furnished by the manufacturer 0 
C Mn P S Si 
Type Percent Percent Percent Percent Percent 
IX 0082 0.83 00010 00027 0.27 
X 0.81 0076 OcOlO 00027 0.23 
Samples of each of the two types of wire were cut from various portions of the 
roll and tested in a 120,000-lbo capacity Baldwin hydraulic testing machine. 
strains were measured with an 8-in. extensometer employing a Baldwin nmicroformer tl 
coil and recorded with an automatic recording device. The extensometer had a 
range of about 4-per cent strain. The average stress-strain relationships for the 
two types of wires are shown in Figs. 1 and 2. 
( e) Reinforcing Bars. Beams of Series W bad two No. 3 bars at ,top and 
bottom in addition to the prestressed wireso These intermediate grade bars were 
not prestressed and were fully bonded. Two 10-fto lengths of bar and a 2-fto test 
specimen were cut from each 22-ft. length of laboratory stock. The test specimen 
was used to obtain a stress-strain curve by the procedure outlined in Section 6(d)o 
~ypical stress-strain relationship is shown in Figo 30 
70 casting and Curing 
(a) Unbonded Beams With Additional Bonded Steel 
Beams included in this category are Series W which had, in addition to 
the unbonded prestressed reinforcement, non-prestressed bonded mild steel bars 
added at top and bottom of the beamo To hold the intermediate grade bars in place 
during casting a cage assembly was constructed using plain No. 2 ties spaced at 
six inches as shown on Fig. 4. 
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For these specimens, a hole was formed in the lower part of each beam to 
provide a channel for the wire reinforcement. This hole was approximately 2 by 3 
inc with its center about 8 in. below the top of the beam. It was formed by means 
of a core composed of eight 1/2-ino steel rods, ten 3/8-in. rubber tubes, fOlIT 1 
by 1 by l/B-in. angles and a cover of sheet rubber. The core was assembled in the 
following manner: rods were inserted into a steel template at both ends of the 
form, rubber tubes were placed as needed between and outside the rodso The angles 
formed the corners of the hole, and a strip of rubber 4 in. wide was wrapped con-
tinuously around the angles. This core was then inserted into the cage assembly 
and the entire unit placed in the beam form. 
All concrete was mixed from three to six minutes in a non-tilting drum 
type mixer of six cubic feet capacity, and was placed in the form with the aid of 
a high frequency internal vibrator. In order that the concrete in the region of 
failure would be from the same batch, the first batch of each mix was placed at the 
end quarters of the beam and the second in the central half. Twelve 6 by 12-in6 
control cylinders were cast, four from the first batch and eight from the second 
batch. One 6 by 6 by 20-in. control beam was cast from each batch. 
Several hours after casting, the top surface of the beam was trowelled 
smooth and the cylinders were capped with neat cement paste. The core was removed 
from the beam after the concrete had hardened. 
The beam and control specimens were removed from the forms after the con-
crete had gained sufficient strength. All the beams were stored in the air of the 
laboratory with no special curing. 
(b) Bonded and Partially Bonded Bearns 
This classification includes the beams of Series J which were all pre-
tensioned. The tensioning procedure was accomplished by means of a prestressing 
9 
frame which provided a reaction for the tensioning force. The frame consisted of 
two l2-ft. lengths of extra heavy 3-in. diameter pipe and two bearing plates, 2 by 
8 by 20 in. It was built to fit around the form for the beam. The bearing plates 
had three rows of O.206-in. diameter holes to accomodate the various positions of 
the wires. Partial unbonding was accomplished by encasing the prestressing wires 
in rectangular boxes 3 by 4 in. in cross-section at the desired locations. These 
boxes were made from plywood and masonite as shown in Fig. 5. After the box was 
assembled, it was then wrapped entirely with a thin sheet of polyethylene plastic 
to waterproof the unit and facilitate removal. Fig. 5 also shows a view of the 
prestressing frame and a completed box. The length and position of the box varied; 
Fig. 6 shows the different arrangements of unbonding used. upon completion of 
tensioning and fabrication of the box, the prestressing frame vas lowered into the 
beam form and the beam was cast. Procedure for concrete mixing, placing and pre-
paration of control specimens was similar to that for unbonded beams described in 
Section 7{a). The sides of the form were released about six hours after casting. 
The beam and prestressing frame were moved to the testing area on the third day 
following casting. Prestress was not released until one or two days before the 
time of testing. 
(c) Dimensions of Test Specimens 
All beams tested were rectangular in cross~section, nominally 6 by 12 in. 
Although the beams were cast in metal forms, the dimensions of the individual 
beams varied slightly. Actual dimenSions are given in Table 3. Beams of Series 
W were ten feet long, those of Series J were eleven feet long. The span length 
for all tests was nine feet. 
8. Prestressing Equipment and Procedure 
(a) Equipment 
10 
In Series W, since the vires were unbonded, the anchorages bad to resist 
both the prestressing force and the increase in wire tension due to load increases. 
Two types of anchorage were used. Wedge grip anchors were used for beam W-l since 
it had only six wires. Beams W-2 and W-3 had threaded anchorages. All the beams 
of Series J, because they were pretensioned, had threaded ~chorages. 
The wedge grip anchorages used in beam W-l were fabricated in the lab-
oratory machine shop. At the tensioning end of the beam the wedge-grips consisted 
of a three-jaw gripping chuck housed in an internally tapered, externally threaded 
grip housing outside of which was fitted an internally threaded sleeve. The 
sleeve was run up against the bearing block or shims to hold the stress after ten-
sion was applied. The sleeves and grip housing were fabricated from mild steel. 
Chuck jaws were commercial "Strandviset1 fittings made by the Reliable Electric 
Company of Chicago. At the opp0site end of the beam the wedge grips consisted of 
a three jaw gripping chuck housed in an internally tapered grip housing. 
The threaded anchorage consisted of a special heat-treated nut screwed 
on the threaded end of a prestressing wire. Wires were threaded 24 threads to the 
inch for about three inches on each end in an automatic threading machine with 
specially heat-treated chasers. The threads on the wires were cut to provide a 
medium fit with the threads in the nuts. 
The nuts were specially made in the laboratory machine shop. They were 
subdrilled with a No. 16 tap drill and tapped with a standard No. 12, 24 threads 
to the inch, tap. The thread cut on the wires to fit a No. 12 thread in the nut 
was sufficient to develop at least 190 ksi in the wire. 
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The nuts were made from 1/2-in. diameter "Buster" alloy punch and chisel 
steel having the following composition limits: carbon 0.56 to 0.60 per cent, sili-
con 0.60 to 0.80 per cent, chromium 1.10 to 1.30 per cent, tungsten 2.00 to 2.30 
per cent, vanadium 0.20 to 0.30 per cent. The nuts were 5/8-in. long and hexagonal 
in cross-section. They were hardened by the following procedure: (1) Pack in 
charcoal in a closed steel box. (2) Heat for 20 minutes at 1200 deg. F. (3) Heat 
for 45-60 minutes at 1650 deg. F. (4) Oil quench to slightly above room tempera-
ture. (5) Temper 30 minutes at 1000 deg. F. (6) Remove from furnace and air cool. 
(b) PO$t-tensioning 
A thirty-ton capacity Simplex centerhole hydraulic ram operated by a 
Blacklla:\ik pump was used to tension the wires. A U-shaped frame supported by the 
bearing plate provided a reaction for the jack. To tension the wires, the ram re-
acted against the frame and a 5/8-in. diameter rod. The thrust was transferred 
from the ram to the rod through washers and a nut. The rod was dire ctly connected 
to the wires with a threaded union-connection when threaded wires were used. When 
wedge grips were used, the threaded union connection screwed into the grip housing. 
After the wire was tensioned to the desired stress, a nut was turned up against a 
shim in the case of a threaded anchorage and the sleeve was turned up against the 
bearing plate in the case of the wedge grips. 
The bearing plates used for the post-tensioned beams were 6 by 6 by 1 1/2 
in. and were stiff enough to give a fairly uniform distribution of stress at the 
ends of the beams. The use of stiff bearing plates eliminated the need of special 
reinforcement near the ends of the beam. 
(c) Pretensioning 
The same tensioning eqUipment was used for pretensioning as for post-
tensioning. However, since the reinforcement was tensioned before the beam was 
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cast, a reaction had to be provided for the tensioning force. This consisted of 
the frame described previously in Section 7(b). To tension the wires, the ram· re-
acted against the frame and a 5/8-in. rod as in the post-tensioned beams. However, 
instead of the thrust being absorbed by the beam through the jacking frame, it was 
transferred from the jacking frame to the prestressing frame. The wires were ten-
sioned and secured against the prestressing frame in the same manner as the 
threaded post-tensioned wires were secured to the bearing plates against the beam. 
(d) Measurement of the TenSioning Force 
The tenSioning force in each wire was determined by measuring the com-
pressive strain in cylindrical aluminum dynamometers placed on the wire between 
the nut or wedge grip and the bearing plate at the end opposite to which the ten-
sion was aPl>lied. The dynamometer consisted of a 2-in. length of 1/2-ino aluminum 
rod with a O.2-in. diameter hole drilled through its center. Strains were meas-
ured by means of two TYPe A7 SR-4 electric strain gages mounted on opposite sides 
of each dynamometer and wired in series. This arrangement gave a strain reading 
which was the average of the strains in the two gages thereby compensating small 
eccentricities of load that might occur. The dynamometers were calibrated using 
the 60oo-lb. range of a 120,OOO-lb. capacity Baldwin hydraulic testing machine. 
The calibration constants of the dynamometers were very nearly the same; the 
strain increment necessary to measure a tenSioning stress of 120 ksi in the wire 
was about 2000 millionths. This large increment of strain allowed a precise meas-
urement of stress in the wires, since the strain indicator used had a sensitivity 
of two or three millionths. 
(e) TenSioning Procedure 
Before inserting the wires into the channel one end of each wire was 
threaded through the bearing plates and secured with a nut. Then all wires were 
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pulled through the hole in the beam at the same time. The wires were then 
threaded through the other bearing plate and both plates were secured to the ends 
of the beam with °a thin layer of "Hydrocall1 gypsum plaster. The dynamometers were 
then slipped onto the wires a~ one end of the beam and finally the anchoring nuts 
were put on each end of each wire. After readings were taken on all the dynamo-
meters the wires were tensioned individually. The jacking frame was attached to 
the bearing plate and the pull-rod was connected to the wire. The center-hole ram 
was placed ov~r the pull-rod and each wire was, in turn, tensioned to the desired 
value of stress, the anchor nut was turned up snug against the shim, and the pres-
sure on the ram was released. Since the beam ~hortened elastically with the 
tensioning of the wires it was necessary to overstress each wire in proportion to 
the number of wires to be subsequently tensioned so that retensioning would not be 
necessary. 
The reinforcement for the pretensioned beams was tensioned in the pre-
stressing frame prior to casting the beam. The ends of the wires were slipped 
through the end plates of the form and through the bearing plates of the prestress-
ing frame. The dynamometers were then slipped onto one end of the wires and the 
anchoring nuts were put on each end of the wire. After readings in the unstressed 
dynamometers were taken, the wires were tensioned individually. The procedure was 
similar to that of the post-tensioned beams except that the prestressing frame 
underwent greater elastic shortening than the post-tensioned beam and more ad-
justment was required to give the wires the desired amount of initial tension. 
9. Instrumentation, Loading Apparatus, and Testing Procedure 
(a) Instrumentation of Unbonded Beams With Additional Bonded Steel 
(1) Electric Strain Gages. Strains in the concrete on the top of the 
beam were measured with Type Al SR-4 electric strain gages. These gages had a 
nominal gage length of 3/4 in. and a width of 3/16 in. The method of application 
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was as follows: the surface of the concrete at the desired location was first 
ground smooth with a portable grindero A thin layer of Duco cement was applied 
to the smooth surface and allowed to dry for 15 to 20 minutes. A layer of Duco 
cement was applied to the gage whi ch was then mounted on the beam. One-pound 
weights were used to keep the gages flat while the cement was drying. A half-
inch layer of sponge rubber was placed between the gage and the weight~ Heat was 
not used to hasten the drying period since it can be detrimental to the concrete. 
The §ages were applied only a few days prior to testing and were not waterproofedo 
Location of gages used for all the beams of Series W is shown in Fig. 7. 
strains in the wires were measured with Type A7 SR-4 electric strain 
gages, which had a nominal gage length of 1/4 ino and a minimum trim width of 3/16 
in. They were chosen for their narrow width, short length and flexibilityo The 
surface of the wire was prepared for the gage by polishing with emery cloth and 
cleaning thoroughly with acetone. Duco cement was used as the bonding agento 
Only enough pressure was applied to squeeze out the excess cement and hold the 
gage to the contour of the wire. Heat lamps were used to hasten the drying of the 
cement. Following heat drying, while the wire was still warm, a layer of wax was 
applied to the gage to protect it from moisture. The lead wires were then soldered 
on and layers of electrical and c~oth tape were wrapped entirely around the gage. 
As the wires were unbonded there was no necessity for positive waterproofing of 
the gages. The leads from the gages were carried down the reinforcement channel 
to the dynamometer end of the beam where they were brought out from behind the 
bearing plate through a small groove formed in the concrete. The gages were placed 
on at least four wires at midspan of the beam and symmetrical about the center of 
gravity of the wires. 
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strains were read to the nearest 10 millionths with a Baldwin Portable 
Strain Indicator. Dummy gages for temperature compensation were mounted on un-
stressed steel blocks. 
(2) Mechanical strain Gageso The distribution of strains in the con-
crete was measured with a lO-ino Whittemore strain gage. Strains measured with 
the Whittemore gage were estimated to the nearest milliontho Measurements on all 
gage lines were taken twice or until the readings agreed within 10 millionths. 
The location of the gage lines are shown in Figo 70 The depth to the 
lowest line was chosen to correspond to the original depth of the stee19 Steel 
plugs 3/8-in. in diameter and 1/4-in. long, with gage holes drilled to a depth of 
about 1/8 in. were cemented to the sides of the beam to establish the gage linese 
(3) Deflection Dial Indicators. Deflections at midspan and at each 
third point were measUred with O.OOl-ino dial indicators. The indicators were 
mounted on posts attached to a deflection frame which spanned between piers that 
supported the beam. 
(b) Instrumentation of Bonded and partially Bonded Beams 
(1) Electric Strain Gages. strains in the concrete on top of the beam 
were measured ~:th Type A3 SR-4 electric strain gageso These gages were similar 
in size to the TJ~ Al SR-4 gages but were chosen because of their thin backing 
which greatly facilitated the mounting procedure. The sequence and method of ap-
plication of the gages was as described in Section 9(a)0 Location of top concrete 
gages for all the beams of the J-series was similar and details are shown in Figo. 80 
strains in the wires were measured with Type A7 SR-4 electric strain 
gages. The gage details and method of application are described in Section 9(a). 
Because all the beams were pretensioned it was necessary to waterproof the gages 
very carefully since they would be in contact with wet concrete. Waterproofing 
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was accomplished by pouring melted petrolastic into a preformed container 1 1/2 by 
1/2 by 1/2 in. which was attached to the reinforcing wire. A view of a water-
proofed gage is shown in Fig. 9. Petrolastic was applied to the gage after the 
wire was prestressed thus minimizing the possibility of cracking due to stretching 
the wire. All gages waterproofed in this manner proved satisfactory in that a test 
for leakage resistance of the gage, just prior to testing of the beam, gave resis-
tance values of 10,000 megohms or greater. The lead wires from the gages were 
located below the reinforcement wire and were brought out to one end of the beamo 
Location of gages varied with individual beams but each beam had at least- one or 
more gages at midspan and one gage at the third points; all gages were placed 
symmetrical about the center of gravity of the wirese 
Equipment for measuring strains is described in Section 9(a). 
(2) Mechanical Strain Gages. A 10-in. Whittemore strain gage was used 
to measure the distribution of strain throughout the depth of the beam. The pro-
cedure of obta.ining strains is described in Section 9(a). The location of gage 
lines is shown in Fig. 8 and was similar for all the beams of this series. 
(3) Deflection Dial Indicators. Deflection measurements and equipment 
used for bonded and partially bonded beams is as described in Section 9(a). 
( c ) Loading Apparatus 
All beams were tested in a specially constructed frame employing a 30-
ton capacity Simplex hydraulic ram opera ted by a Blackhawk pump. Details of the 
frame are shown in Fig. 10. The hydraulic jack was used to apply deformation and 
a 50,000-1'0 capacity elas.tic ring dynamometer was used to measure the corresponding 
load. The dynamometer was equipped with a dial indicator that was calibrated at 
Ill-lb. per division; it was sensitive to about one-tenth of one division. 
17 
( d) Testing Procedure 
After prestressing beams of Series W, no appreciable tensile 
stresses occurred at the top extreme fiber because the center of gravity of the 
wire reinforcement was located at the lower kern point of the cross-section. For 
Series J the center of gravity of the wire reinforcement was approximately one 
inch outside the kern point and tensile stresses occurred in the top extreme fibero 
For all the beams except beam J-7 the magnitude of these stresses was less than 
that which would cause cracking. Since beam J-7 bad a large amount of reinforce-
ment, precautions were taken to insure that no cracking would occur at the top 
surface. ~e top of the beam was first prestressed externally by means of two 
wires. The prestr'ess was then released in the bonded reinforcement. When suffi-
cient load was applied to induce net compressive stresses on the top of the beam, 
the external wires were removed. Because the behavior of the beam was linear at 
this stage there was no difficulty in correcting the deflection and strain readings 
to account for the external wires. 
The failure load was reached in about five hours and eight increments of 
load. The load and deflection readings were taken during~ and before and after 
each increment. All strain readings were recorded and the cracks were marked with 
ink after each increment. Usually there were about two increments of load up to 
the cracking load. Thereafter~ increments were based on strain and deflection 
measurements rather than load. A drop-off in load and increase in deflection oc-
curred while strain and deflection readings were being recorded. The beams were 
loaded until they ruptured.completely or failed to develop increased resistance to 
large deformations. 
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III. PRESENTATION OF TEST RESULTS 
10. Measured and Derived Quantities 
All the beams were tested to failure by applying usually seven or eight 
increments of load. The following quantities were measured immediately following 
each increment: (1) applied load, from the elastic ring dynamometer; (2) deflec-
tions at midspan and at the third points, from the dial gages; (3) concrete 
strains on the top of the beam in the flexure span, from SR-4 gages; (4) average 
distribution of concrete strains throughout the depth of the beam, from measure-
ments with a Whittemore gage; (5) steel strains from SR-4 gages mounted on the 
wires and also indirectly from dynamometers, in the case of unbonded beams; and 
(6) the distance from the top of the beam to the top of the highest crack. 
After the cracking load was exceeded, the height and location of each 
crack was marked with ink. Usually, photographs were taken in the later stages of 
the test prior to failure and also following failure. After failure, the depth to 
the reinforcement, and, in the case of unbonded beams, the depth to the top of the 
reinforcement channel at the region of failure were determined. The location of 
the mild steel, when present, was also established by measurements at the region 
of failure. The width and total depth of the beam were measured at several 
locations prior to testing. 
Since c~shing of the concrete usually occurred during the application 
of a load increcent, the corresponding strain readings could not be obtained 
directly. Consequently, concrete strains corresponding to crushing were extra-
polated from plots of strain versus deflection. 
Using the measurements mentioned above, the following quantities were de-
rived: (1) the flexural moment in the beam; (2) the depth to the reinforcement; 
(3) the assumed depth to the neutral axis; (4) the stress in the reinforcement; 
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and (5) the strains in the concrete. For the unbonded be~, which had relatively 
large reinforcement channels, the depth to the reinforcement was based on a compu-
tation involving the ultimate deflection of the beam and the depth to the top of 
the channel. The reinforcement in these beams remained horizontal until it came 
in contact with the top of the channel. The ultimate reinforcement stress was 
computed using the depth to the reinforcement at failure, measured depth of the 
compression zone, k2 = 0.42, and the physical properties of the beam. This was 
compared with the ultimate stress obtained from strain measurements. Also com-
puted were the effective strength of the concrete in the beams,f , and the para-
cu 
meter F€. Various measured and derived quantities are given in Table 4~ 
u 
11. Load-Deflection Characteristics 
Load-deflection curves ~or the unbonded, bonded, and partially bonded 
specimens are plotted in Figs. 11, 12, 13 and 14. Each curve is the result of 
about a hundred separate load-deflection readings, most of which were taken on the 
run. At the end of each increment of load, while strain readings were being re-
corded, an increase in deflection and corresponding drop-off in load occurred. 
These decreases were not plotted since they should have had no effect on the en-
velope load-deflection curve. Discussion of load-deflection characteristics and 
comparisons with other similar beams are given in Section 18. 
12. Strain Measurements 
(a) Distribution of Concrete Strains on the Top of the Beam 
Strains in the concrete on the top of the beam in the flexure span were 
measured with Type AI or A3 SR-4 electric strain gages. These gages and their 
spacing were chosen because it was desired to obtain not only a measurement of 
the maximum strains occurring but also their distribution. 
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The strain distributions measured from unbonded beams with additional 
bonded-reinforcement are shown on Fig. 15. Those measured from pretensioned beams 
are shawn on Figs. 16, 17 and 18. The results of strain distribution measurements 
for the partially bonded beams are plotted on Figs. 19, 20 and 21. All the plotted 
distributions are based on strains extrapolated to crushing of concrete except in 
Fig. 17 where the development of the strain distribution and changes in the crack 
pattern have also been shown. On this figure, the loads corresponding to stages 
in the development of the strain distribution are recorded. The maximum values of 
the measured concrete strains ranged from 0.0035 to 0.0050. These results are dis-
cussed in Section 20 of this report in relation to measurements by other investi-
gators. 
The distribution of concrete strains in the flexure span is not uniform 
in anyone case. An examination of the different beams shows that the peaks in 
the distribution of strain occur above crack locations and that the highest peak 
occurs in the plane of the highest crack. Comparison of beams with low and high 
steel percentages shows that the distribution throughout the flexure span varies 
with the crack pattern. Beams having low amounts of steel have fewer cracks re-
sulting in strain distributions which are not as uniform as those in beams with 
greater amounts of steel and consequently with a larger number of cracks. 
The minimum strain occurring in the flexure zone for all the beams was 
greater than 0.002 with the exception of beam W-3 which had a minimum strain of 
0.0019. 
(b) Distribution of Strains Over the Depth of the Beam 
The distribution of concrete strains over the depth of the beam were 
obtained by measuring the deformation between gage plugs with a 10-in. Whittemore 
strain gage. 
21 
For Series J beams these readings were taken at five different levels 
at three locations on each side of the beam. The top three levels were located 
so as to fall within the uncracked zone of the concrete at failure in most of the 
specimens. The location of the gage lines are shown in Fig. 8. For Series W 
beams, mechanical strain measurements were made at four levels as shown in Fig. 7. 
In the following section, only the results from Series J will be discussed since 
strains taken at five levels gave results that were more significant. 
The strain distribution indicated by the average of the individual gage 
lines on opposite sides of trebeam are shown as solid lines on Figs. 16 to 21. 
These individual distributions are plotted with respect to datum lines located at 
the center of their respective gage lines. The distributions obtained by averag-
ing the results of siX gage lines at the same level are shown as solid lines at 
the extreme right on Figs. 16 to 21. 
In each beam, the variation of strain before cracking was linear over the 
depth and fairly consistent between the different gage lines. However, after crack-
ing, the strains obtained on individual gage lines varied, depending on the extent, 
spacing and type of cracking. Once cracking had progressed part way up the beam, 
the strains obtained from the gages located in the cracked,zone depended primarily 
on the number of cracks between gage plugs, since the greatest proportion of the 
total deformation occurred at the crack. 
In the fully-bonded beams, which should not have bad any stress raisers 
to predetermine the crack location, cracking occurred at random along the flexure 
span. In each beam, crack spacing throughout the flexure span was fairly uniform. 
The total number of cracks varied with the amount of reinforcement in the beam. 
Beam J-3 (Q' = ~4.5) had only three cracks within the flexure span, one within each 
gage line. These cracks extended vertically to about mid-depth of the beam and 
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began forking out as shown on Fig. 22. Near failure, a complicated crack pattern 
bad evolved. Beams J-l (Qt = 43.3) and J-7 (Q' = 55.1) had cracks which were more 
closely spaced. Moreover, these cracks did not fork out to the extent that those 
in beam J-3 did. Fig. 22 shows the crack pattern for beam J-l and Fig. 31 shows 
the crack pattern for beam J-7. 
The· strains measured on all the fully-bonded beams varied tram one gage 
line to another. The greatest amount of distortion in the distribution of strains 
within a gage line and between different gage lines was noted in beam J-3o 
Strains measured in the compressive zone of all the beams were linear 
and the magnitude of strain at the same level was similar for the various gage 
lines. The average distribution of strain throughout the flexure span was taken 
to be the average of the results obtained on the individual gage lines. 
For the partially unbonded beams, particularly J-6 and J-B, cracks occur-
red first at the edges of.the unbonded regions. Both these beams had fewer cracks 
in the flexure span than the comparable fully-bonded beam J-l. A comparison of the 
strains obtained on the central gage line of these two beams indicates how crack-
ing affects the strains. In beam J-6 the cracking was such that there was no 
crack within the central gage line mntil the later stages of loadingo A crack 
branching across from an adjacent crack crossed the gage line above the mid-height 
of the beam during load increment 4. The resulting distribution of strain for the 
central gage line at the crushing load is greatly distorted because the measure-
ments indicate very little strain at the lowest level. The strains in the outer 
gage lines are also distorted; however, in this case the measurements at the low-
est level show more strain than would be necessary for a linear distributiono An 
opposite effect is seen in beam J-B. Because of stress raisers, two cracks occur-
red within the central gage line and consequently measurements at the lowest level 
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indicate that more strain occurred there than at the same level in the outer gage 
lines. The magnitude of the measured strains are shown in Fig. 21. From these 
plots it is seen that the absence or presence of cracks affects greatly the strain 
distribution obtained on different gage lines. 
Despite the lack of linearity in the plotted readings of the individual 
gage lines~ the strain distributions based on averaging the six readings at each 
level were linear or nearly linear. On the basis of the observations made through-
out the loading history of the beams, this result is to be expected. However, it 
should not be taken as an indication of linearity of strains over the depth of the 
beam. 
Shear S n Flexure S n Shear S 
Uncracked Cracked Uncracked 
SKETCH A 
Sketch A shows the crack pattern at failure for a representative bonded 
simply-supported prestressed concrete specimen. It is assumed that no major in-
clined cracks have developed. The gage lines over which the strain measurements 
were taken are also shown on this sketcho A good portion of the shear span indi-
cated on the figure bas no flexural cracks, while the flexure span has several 
fully-developed cracks. 
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According to the readings taken during the tests, the strains are lin-
early distributed over the depth of the beam prior to cracking. Therefore~ strains 
must be linear in the beam shown over the length from each reaction almost up to 
the extreme flexural cracks. This condition demands that whatever deformation 
takes place between the two uncracked portions of the beam must be such that it 
results in a linear distribution of strain when averaged over this distance. 
The reported average strain distributions come very close to being lin-
ear based on measurements of the deformation over the total cracked portion of the 
beam. Therefore, it is reasonable that these should indicate linear or nearly 
linear distributions of strainso 
Fig~. 16 to 21 also show that the average strain on the top of the beam 
obtained by extrapolating the strains indicated by the Whittemore strain gage com-
pares well with the average strains obtained from the electric strain gageso The 
largest variation is for beam J-B. In this beam the average strain indicated by 
the mechanical strain measurements was about six per cent greater than that indi-
cated by the electrical strain measurementso 
The depth of the compressive zone as obtained from measurements of the 
highest crack was smaller than the average depth indicated by measurements with 
the Whittemore strain gages. In the computations, the depth of the compreSSion 
zone was taken as that given by measurements to the highest crack since this rep-
resented the actual conditions at the section of failureo 
(c) Steel Strains 
Steel strains for Series W were obtained from dynamometer strains and 
from electric strain gages. For Series J, only electric strain gages were usedo 
Gage spacing is described in Section 9(b)o Steel stresses were obtained from 
calibration curves for the dynamometers and from a stress-strain curve for the 
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steelo FOT the fully-bonded beams, because cracking occurred at random and pos-
sibly at some distance from a gage, the gage nearest the crack was chosen to re-
present the steel strain. The strain thus obtained, after converting to stress, 
was used for comparison with stress derived from load measurements. The strain 
gages on the reinforcement in beam J-6, which was unbonded in the flexure span, 
all gave similar readings 0 Beam J -8 had two unbonded par Gions • Fig. 23 shows 
the location of the gages and the strain readings of different gages during load-
ing until crushing of this beamo Cracking occurred as shown in Fi.g. 21.. For 
every load, the gages in the unbonded regions gave strain readings which were 
higher than the bonded gageso This is attributed to the fact that cracks occurred 
at the edges of the unbonded sections. Steel stresses for all the beams as ob-
tained from strain measurements are compared with stresses from load measurements 
in Table 40 
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IV .. GENERAL ANALYSIS OF FLEXURAL STRENGTH OF PRESTRESSED CONCRETE BEAMS 
13. Assumptions 
The analysis presented in this report is a modification of Stussi's 
theory for flexural failure (4). Primarily, it involves conditions of equilibrium 
and strain compatibility. The analysis is semi-empirical in that the magnitudes 
of several quantities necessary to determine the ultimate strength of prestressed 
beams are derived from experimental data. 
A general expression fGr the ultimate flexural moment is derived in Sec-
tion 14. The derivation and application of this expression ~epends on several 
assumptions. These assumptions are: 
(1) Conditions of statics are valid. 
(2) At ultimate, the strain compatib~lity factor, F, and the parameter, 
(3 ) 
(4) 
k , relate the steel strain to the maximum concrete strain which 
u 
occurs at the extreme fiber in compression. 
Concrete crushes at a limiting strain, € • 
u 
The average stress in the concrete in the compression zone at 
failure, f , is known. 
cu 
(5) The ratio, depth to the compressive force to depth to the neutral 
axiS, k2 = 0.42. 
(6) The stress-strain curve for the reinforcement is known. 
(7) No tension is resisted by the concrete. 
Failure in a prestressed concrete beam is a local phenomenon, occurring 
nearly in a single plane. At the section of failure, Bernoulli:s assumption of 
linear strain distribution with depth is generally nat valid. As discussed pre-
viously in Section 12, concrete strains appear to be linearly distributed in the 
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compression zone of the beam. In the tension zone, cracking distorts the concrete 
strains. For bonded beams, this cracking together with the possible loss of bond 
adjacent to the crack affects also the distribution of steel strains. The factor 
F is introduced in the distribution of steel strains. The factor F is introduced 
in the analysis and, togeth~r with the parameter ku' relates the steel strain with 
the concrete strain at the extreme fiber in compression. This compatibility factor, 
F, does not appear by itself in the analysis. 
and appears in the analysis as a parameter FEu. 
It is combined as a product with € 
u 
Measurements of concrete strains at crushing in this investigation and 
as reported by previous investigators indicate that assumption 3 is valid. A dis-
cussion o~ these results is presented in Section 20. 
Assumptions 4 and 5 relate to the conditions within the compression zone 
of the concrete. The stress distribution is non-linear and probably assumes some 
shape similar to the stress-strain curve for the concrete obtained from tests of 
6 by 12 in. cylinders. Although the concrete stress varies throughout the depth 
of the compression zone, it is convenient to assume that the effective stress is 
an average value, f • Section 19 presents an empirical relationship for f in 
cu cu 
terms of 6 by 12-in. cylinder strength. The total compressive force in the con-
crete is located a distance k2kud from the extreme fiber in compression. For a 
triangular stress distribution, k2 = 0.33, and for a rectangular stress distribu-
tion, k2 = 0.50. Because the actual stress distribution usually lies between these 
two limiting distributions, an average value of k2 = 0.42 bas been chosen. This 
value for ~ is reasonable because the range of k2 is small and it has been shown 
by Billet (1) to have a small effect on the ultimate moment. 
The assumption that no tension is resisted by the concrete is not en-
tirely true. Tensile stresses exist in the concrete between cracks and in the 
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region immediately below the neutral axis. Since the magnitude of the tensile 
stresses is small compared to the compressive stres~es, and decreases with in-
creasing steel percentage, no appreciable error should be introduced if tensile 
stresses are neglected. 
14. Derivations 
Considering beams reinforced in tension only, the conditions of stress 
and strain at the failure plane are shown in Fig. 24. They are based on the as-
sumptions stated in the previous section. 
If moments about the compreSSion force in Fig. 24 are consjdered, the 
following simple expression may be written for the ultimate resisting moment: 
M = A:f d (1 - k_k ) 
u s su -"'2 u (1) 
The quantity k can be evaluated in terms of beam properties from con-
u 
ditions of equilibrium provided that the beam is of constant width in the compres-
sion zone: 
C = T 
pbd f, = bk d f 
eu u cu 
k 
u 
= 
f 
cu 
(2) 
The resulting expression is slightly more complicated if the width varies. With 
the help of Eq. 2, Eq. 1 may be rewritten in a dimensionless form: 
(3) 
If the value of the ultimate steel stress, f ,is determined, the ulti-
su 
mate reSisting moment can be found from Eq. 1 with the help of Eq. 2. The steel 
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stress can be evaluated using the strain conditions at ultimate in conjunction with 
the stress condition. 
In accordance with assumption 2, Section 13, the relation between the 
maximum concrete strain, Eu' and the steel strain, E~a' (Fig. 24), can be stated 
as: 
or 
e t e 
sa = ~ F '::-l--~k- k 
u u 
(1 - k ) 
u E' = FE sa u k 
u 
(4) 
(5) 
For a prestressed concrete beam, the ultimate steel strain, Esu' becomes: 
e = €' + E + E su sa ce se 
(6) 
For practical ranges of the variables, € is a very small quantity. 
ce 
Therefore, for the sake of simplicity it can be neglected in Eq. 6, and added to 
E' in Eq. 4. Thus: 
sa 
where: 
Equations 6, 7 and 8 combine to give: 
E = FE 
su U 
(1 - k ) 
. u 
k 
u 
+ € se 
( 7) 
(8) 
(9) 
For given values of p, f ,and the stress-strain curve for the steel, 
cu 
Eqs. 9 and 2 can be solved to give the value for the ultimate steel stress if FE 
u 
is known or assumed. 
30 
15. The E~fect of Variations in the Compatibility Factor on the Flexural strength 
The usefulness of the analysis in predicting the ultimate flexural 
strength is dependent on the derivation of a satisfactory empirical relationship 
for the parameter F€. A study was made to determine how F€ affects the flex-
u u 
ural strength. This was dpne by using the an~ysis as presented in Section 14 and 
assuming a range of F€ from 0.004 to 0.0001. A practical range of QI was chosen; 
u 
Ql ranged from 15 to 45 for effective prestress levels of 120,000 pSi, 60,000 psi 
and 0. The stress-strain curve for TYP~ X wire was used. Figs. 25,26 and 27 show 
the values of the computed moments as ordinates and the assumed values of the para-
meter F€ as abscissas. On these curves, points corresponding to the ultimate 
u 
steel stresses of 200 kSi, 220 ksi and 240 ksi are indicated by curves as marked. 
The 0.2 per cent offset stress for Type X wire is 220 ksi (Fig. 2). 
Figs. 25, 26 and 27 indicate that the reduction of the ultimate flexural 
moment is non-linear as F€ is decreased. Beams having low values of QI have a 
u 
small reduction in the ~timate momen~ for large decreases in F€. Considering an 
u 
effective prestress of 120,000 pSi, a 50 per cent decrease in F€ (from 0.004 to 
u 
0.002), causes a ten 'per cent reduction at the mos~, in the ultimate moment capa-
city for the range of Q' studied. For beams bavingproperties such that the stress 
in the reinforcement at the ultimate load is at least equal to the 0.2 per cent 
offset stress, the effect of F€ on the magnit~de of the ultimate moment will be 
u 
small. For be~ having properties such that the ultimate steel stress is less 
than the 0.2 per cent offset stress, the effect of F€ is more important. 
u 
The effects of different levels of prestress can be seen when Figs. 25, 
26, and 27 are compared. For the various values of Q', only small variations in 
the ultimate moment are noted as the level of prestre$s is varied, whenever the 
ultimate steel:.stress is equal to or larger than the 0.2 per cent offset stress. 
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When the ultimate steel stress is less than the 0.2 per cent offset stress, a 
given decrease in Fe causes larger decreases in the ultimate moment as th~ level 
u 
of prestress is decreased. 
In general it appears from this study that if the ul~imate steel stress 
is in the inelastic range the resisting moment is insensitive to variations in the 
parameter FE. When the ultimate steel stress is in the elastic range, the resist-
u 
ing moment is quite sensitive to Fe • 
u 
160 Factors Affecting the Compatibility Factor 
(a) Strain Concentrations 
From tests it has been observed that strain concentration is one of the 
factors affecting the variation in the compatibility factor, F. The effect of 
strain concentration can be shown qualitatively by considering a section of a bonded 
beam which has several well developed cracks. Fig. 28 shows such a section. Also 
shown are-representative variations in concrete strain at the top surface of the 
beam, and in depth of the neutral axis. In the flexure span of a bonded beam, re-
gardless of the bond conditiOns, there is a location between cracks where there is 
no relative movement between the steel and the concrete. Points A and B represent 
such locations. The effects of strain concentrations may be illustrated with the 
aid of deformation diagrams. Such a diagram is shown in Fig. 28. The horizontal 
axis of this diagram represents the position of any point between A and B to the 
left or to the right of the crack. The vertical axis represents the actual defor-
mation of any point relative to a datum plane taken at the crack. The slope of 
anyone of the deformation diagrams at any pOSition, is the corresponding strain 
at that position. 
With the given strain distribution and location of neutral axiS, it is 
possible to obtain a deformation diagram to represent the total demanded deformation 
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at the level of the reinforcement between pOints A and B. For purposes of com-
parison, if it is assumed that the strain compatibility factor F is one, then the 
deformation diagram is a graphical representation of 
\B € (l-k) AL 
LA c k 
and is shown as a heavy line in Fig. 28. 
The concrete and steel deformations have also been shown in Fig. 28 to 
compare them with the "demanded" deformations. The concrete deformation between 
cracks will be very small since the maximum tensile strain that can occur in the 
concrete before cracking is about 0.0002. If the tensile strains exceed this 
amount then intermediate cracks will form. The concrete deformation diagram i$ 
shown as a dashed line in Fig. 28. 
The deformation diagram for the steel varies depending on the conditions 
of bond. The expected limits of variation are: 
1. Complete loss of bond between A and B giving a deformation diagram 
which is a straight line between A and B. 
2. No loss of bond, in which case the steel deformation diagram will 
correspond to the concrete deformation diagram. 
In any beam the bond properties will vary depending on the level of' 
stress in the reinforcement, size and surface quality of the reinforcement, and 
the quality of the concrete. For beams with poor bond cbaracteristicsthe actual 
deformation diagram of the steel will approach Case 1 and will have a maximum slope 
that is less than the maximum slope of tl:E "den:anded" deformation diagram. Since 
the slopes of tl:E deformation dia~ represent strain, this results in values of 
F which are less than one. When bond characteristics are excellent, the maximum 
slope of the steel deformation diagram is greater than the maximum slope of the 
33 
"demanded" deformation diagram and as a result F is greater than one. Both of 
these condtions are shown in Fi~. 28. 
m Fig. 28, representative variations of strain at the top surface of 
the beam and depth of neutral axis have been shown. The effect of strain concen-
tration on F can be seen if the strain distribution on top is varied. For a uni-
form strain distribution and constant depth to the neutral axis, the "demanded" 
deformation diagr.am for F equal to one will be a straight line joining A and B. 
For tlns case, any amount of bond wi~l yield an actual deformation diagram which 
will have a ma.ximum slope greater tran the maximum slope of the ndemandedtr de-
formation diagram, and consequently F will be greater than 1. Now,' if the bond 
conditions remain the same, and the strain concentration is progressively made 
more acute, the slope of the Hdema.nded" deformation diagram will increase and the 
value of F will be decreased first to one and then to values below one. Thus~ 
strain concentration together with probable loss of bond will generally give 
values for F which are less than one. 
(b) Loss of Bond in the Shear Span 
No bond in the shear span is a major reason for the lower observed 
values of the compatibility factor F in unbonded beams. For such beams the in-
crease in steel strain with increases in load is uniformly distributed through-
out the length of the steel. The effect of no bond in the shear span can also be 
shown qualitatively by deformation diagrams. However~ now it is necessary to con-
sider deformations over the entire length of the beam. For Simplicity, it may be 
assumed that the concrete strains at the top surface are uniformly distributed 
throughout the flexure span and are negligible in the shear span. This is shown 
in Fig. 29. USing this strain distribution in conjunction with the assumed loca-
tion of the neutral axiS, a "demanded" deformation diagram is obtained for F equal 
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to one. This is shown as a heavy line in Fig. 29. Because the largest amount of 
concrete strain at the top surface occurs within the flexure span, the major por-
tion of the "demanded" deformation is located in this region. In the shear spans, 
the "demandedft deformations are small compared to the total deformations. Since 
the steel is unbonded, increases in steel strain are uniformly distributed through-
out the length of the steel and the actual deformation diagram for the steel will 
be a straight line joining pOints X and Y. The maximum slope of the deformation 
diagram for the steel corresponding to the actual strain in the steel, is smaller 
than the maximum slope of the ttdemanded ff deformation diagram. For fully unbonded 
beams these conditions will al~ys be true and the value of F will be smaller than 
one. The effect of strain concentration, when superimposed on the effects of un-
bonding in the shear span, will cause a further decrease in the value of F. On 
Figo 28 the deformation of the steel between cracks in the flexure span of an un-
bonded beam may be represented by a straight line joining points AI and Br. Be-
cause cracks are spaced farther apart in unbonded beams as compared to bonded 
beams, the distance to the crack from point AI or B' will be longer than that from 
point A or B. The total steel deformation between points At and B' can be less 
than the tI demandedtl deformation because it is unbended throughout the length of 
the beam. Thus, on Fig. 28 when strain concentration is neglected, F is the ratio 
of the slope of At B' to the slope of line AB. When the effects of strain concen-
tration are included, F is the ratio of the slope of line AlB' to the maximum slope 
of the J1 demanded" deforms. tion diagram shown by the heavy line. 
17. Unbonded Beams with Additional Bonded Steel 
The analysis for unbonded beams with additional bonded steel is similar 
to the analysis for beams reinforced in tension only which is presented in Section 
14. The assumed conditions for stress and strain at the 'ultimate load are shown 
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in Fig. 30. The following expression for the ultimate resisting moment is obtained 
by taking moments of all the forces about the compressive force in the concrete: 
M = A f d( 1 - k_ k ) + At :f' (k2k d - d') + A" fit (d" - k_ kud) 
u s su ~u s sus s -~ 
This expression can be simplified if it is assumed that: 
A' = An 
s s 
and fl = fn = f 
s s y 
(10) 
For Series W these assumptions are reasonable since the areas of the top 
and bottom additional reinforcement were equal and since the measured steel strains 
indicated yield stresses. Consequently the expression for the ultimate moment be-
comes: 
M = A f del - k2k ) + A' f (dn - d') 
u s suu s y (11) 
Thus, Eq. 11 indicates that the total reSisting moment is the sum of the 
reSisting moment of the prestressed reinforcement and the reSisting moment of the 
mild steel reinforcement. 
The quantity k is obtained from the conditions of equilibrium: 
and assuming that: 
this reduces to: 
u 
dtt pi a:- ft 
AI = AU 
s s 
S 
C' + C = T+ T" 
+kf = pf + p" U cu su 
and 
f 
su 
ku = P f 
eu 
dn 
_ fn 
d s 
f' = fU = f 
s s Y 
(2) 
This expression for k is the same as that derived previously in Section 14 for 
u 
beams reinforced in tension only. The ultimate reSisting moment can be obtained 
from Eq. 11 with the aid of Eq. 2 if the yield stress for the mild steel and the 
ul timate stress for the prestressing steel are known. .. The yield stress for the 
mild steel is obtained by tests as described in Section 6(e). The ultimate stress 
for the prestressing steel is obtained from strain conditions at the plane of fail-
ure in conjunction with the stress-strain curve for the steel. 
On the basis of assumption 2 stated in Section 13 the relation between 
the maximum concrete strain and the steel strain (Fig. 30) can be stated: 
(4) 
This relation is the same as derived previously for beams reinforced in tension 
only. In accordance with the derivation in Section 14 the relationship for de-
termining the ultimate steel strain is: 
e = Fe (1 - ~]) + € 
su u k se (9) 
u 
For given values of p, f and stress strain curve, Eqs~ 9 and 2 can be 
Cll 
solved to give the ultimate steel stress if Fe is known or assumed. 
u 
v • DISCUSSION OF TEST RESULTS 
18. Behavior of Prestressed Concrete Beams Failing in Flexure 
( a) Fully Bonded Beams 
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Fully bonded beams have previously been tested by Billet. All of these 
beams were post-tensioned and grouted. The beams included in the present series 
were all pretensioned but their behavior was similar to that of post-tensioned 
beams. Primarily, two modes of behavior were observed depending on the magnitude 
of' the parameter Q 1. Beams baving small values of Q' are under-reinforced while 
those with large values are over-reinforced. In both types of behavior the ulti-
mate load was taken as the load observed at first crushing of the extreme com-
pression fiber. In an under-reinforced beam, the steel strains at crushing ex-
tended well into the inelastic portion of the stress-strain curve whereas in the 
case of an over-reinforced beam the steel strain was elastic or extended only 
slightly into the inelastic portion. Failure of an under-reinforced beam is' duc-
tile whereas the failure of an over-reinforced beam is sudden and brittle. Later 
paragraphs describe both failures in detail. 
upon release of prestress, the beams deflected upward from 0.016 to 0.065 
in. depending on the amount of steel. All beams behaved "elastically" up to first 
cracking. The load-deflection characteristics were straight lines and were similar 
for all beams since the concrete strengths and the beam cross-sections were similar, 
and the effect of different amounts of steel was small so far as the apparent stiff-
nesses of' the beams were concerned. 
The behavior of the beams from first cracking up to the ultimate load de-
pended on whether the beams were under-reinforced or over-reinforced. 
(1) Behavior of Under-Reinforced Beam J-3. Beam J-3 is a typical under-
reinforced beam. As the load was increased beyond first cracking, more cracks 
developed within the flexure span and in that portion of the shear span over which 
the applied moment was larger than the cracking moment. For beam J-3 there were 
three major cracks spaced from 10 to 12 in. within the flexure span and one crack 
in each shear span. The cracks within the flexure span developed very rapidly at 
first. Fig. 22 shows that at load increment number 2 (p = 7.5 kips) the cracks 
had risen to a height greater than mid-height of the beam. During the application 
of this load increment the cracks started to "fork" out. With further increases 
in load these Hforked" cracks developed further and rose slightly_ During the 
later stages of loading, small vertical cracks formed as branches of the "forked" 
cracks. Fig. 22 shows tie crack pattern immediately after crushing. 
The start of cracking produced a very abrupt change in slope of the load-
deflection curve for under-reinforced beams as illustrated by the curve for beam 
J-3 in Fig. l2. Before cracking, the concrete carried tensile stress; after crack-
ing, most of this stress is transferred to the steel. Because the percentage of 
steel is small in an under-reinforced beam this transfer increases the steel stress 
and strain appreciably, the neutral axiS, which is approximately defined by the 
crack height, rises rapidly when cracking first occurs and then stabilizes as the 
stresses in the compressive zone of the concrete approach those of a fully devel-
oped stress block. The beam offered further resistance to load as long as the 
steel strains remained in the elastic region of the stress-strain diagram; how-
ever, once inelastic steel strains were produced, large deflections occurred with 
little increase in load. This continued up to crushing of the concrete. With in-
creased deformation beyond first crushing, the beam continued to deflect at a 
nearly constant load. During this stage, the zone of crushing grew larger and ex-
tended downward into the region which was previously cracked. For beam J-3, the 
load began to drop off at a deflection greater than 2.4 in. (Fig. 12), and the 
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crushing progressed rapidly downward. The beam finally came to rest on the inter-
mediate supports at a deflectio~ of 2.7 in. The load-deflection diagram on Fig. 
12 indicates that this type of be~vior is very ductile and gives sufficient warn-
ing before collapse. 
(2) Behavior of Over-Reinforced Beam J-7. Beam J-7 is an example of an 
over-reinforced beam. With increased load after first cracking, cracks developed 
throughout the flexure span and extended into the shear span. Nine cracks spaced 
from 3 to 6 in. were noted in the flexure span. Their development was rapid at 
first, but in the later stages the height of the crack remained nearly constant. 
These cracks did not rise as high as those in beam J-3 nor did they tlfork" out as 
extensively. The nearly constant height of the cracks was an indication that con-
ditions of a fully developed stress block were being realized. 
The load-deflection characteristics beyond cracking did not change 
abruptly_ The deflection increased at a greater rate than the load because the 
stiffness of the section was now reduced due to cracking. However, because the 
steel strains were still in the elastic portion of the stress-strain diagram, the 
beam resisted additional load up to first crushing. Moreover, additional load was 
resisted beyond first crushing, but in this stage, the zone of crushing grew 
larger and began moving downward rapidly. Collapse occurred violently with com-
plete destruction of the compressive zone. Fig. 31 shows beam J-7 after first 
crushing and at complete collapse. A brittle failure of this 'type is not desirable 
since there is little or no warning of collapse. 
(3) Behavior of Beam J-1. The behavior of beam J-l was similar in most 
respects to the behavior of beam J-7. Beam J-1 might be classed as a beam with 
balanced percentage of reinforcement because at first crushing the steel strains 
were very near the 0.2 per cent offset stress on the stress-strain diagram. 
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Increased loading beyond that producing first cracking produced six major cracks, 
spaced 6 to 8 in. apart within the flexure span. These cracks progressed rapidly 
to nearly mid-height of the beam and then began to fork out. In the later stages, 
prior to crushing, the rate of crack developm~~t decreased and the height of ·the 
cracks appeared to be nearly stable. 
The load-deflection characteristics, shown in Fig. 12, did not change 
abruptly beyond first croacking. Additional load was resisted at all stages up to 
first crushing. With increased deformation beyond first crushing, the beam offered 
a small resistance to load; however, during tL~is stage, the zone of crushing in-
creased and progressed downward. Although failure was not as sudden as the failure 
of beam J-7, it was nevertheless of a brittle nature. 
(b) Unbended Beams With Additional Bonded Mild Steel 
The behavior of all beams in this series was similar and wa9 like that 
commonly associated with over-reinforced beams. The beams deflected upwards ~rom 
0.032 to 0.043 in. immediately after prestressing. Their behavior before cracking 
was flelastic lt with load deflection characteristics being linear and comparable for 
all beams. In all of these beamB, first flexural cracking did not produce an 
abrupt change in the load-deflection curve. Instead, there was a gradual change 
in the stiffness of the beam beyond this stage. Cracks developed throughout the 
flexure span and in the shear span wherever the applied moment was larger than 
the cracking moment. The values of the par.ameter Q' for these beams ranged from 
40 to 85 and the number of cracks observed in the flexure span ranged from 8 to 
10. Comparable unbonded beams would have had three cracks or less as shown pre-
viously by Allen (3). The large number of cracks in these beams is attributed 
to the presence of bonded deformed mild steel bars. All cracks extended nearly 
vertically upward, and in no case was there any extensive forking of cracks. All 
of ,these beams failed violently. Crushing was observed first at the top fiber 
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and developed downward at a very fast rate with little increase in load. This was 
followed by a gradual bowing out of the mild steel in the top o~ the beam. As the 
deformation was increased, crushing of the concrete was observed through the entire 
depth of the section. The load started dropping off rapidly, and final collapse 
took place by a sudden buckling out of the bottom mild steel. Fig. 32 shows the 
condition of beams W-2 and W-3 after failure. 
(c) Partially Unbonded Beams 
This series included five beams in which the rei~orcement was unbonded 
in different portions of the span. Fig. 6 shows the locations of the unbonded por-
tions of the beams. Unbonding was limi ted to the flexure span f or all beams except 
J-5, which was unbonded in the shear spans only. Because unbonding was the only 
variable considered, the properties of these beams were chosen similar to those of 
beam J-l so that direct comparisons could be made. These beams behaved, in general, 
like over-reinforced beams. Their behavior is described in the followins para-
graphs, first for the four beams with unbonded portions in the flexure span, and 
then for beam J-5 which was unbonded in the shear spans. 
With release of prestress the beams which were partially bonded in the 
flexure span de:lected upwards from 0.052 to 0.065 in. This deflection is larger 
than for fully-bonded beams because of the reduced section due to unbonding. The 
behavior up to cracking was It elastic ft ; the load deflection diagrams were straight 
lines and ~ere similar for all beams, however, because of the reduced stiffness, 
the slopes were less than the slope for beam J-l. First cracking was observed at 
lower loads than the cracking load for beam J-l. With increased load, cracking 
extended throughout the flexure span and into the shear span. For these beams, 
only three or four cracks were noted in the flexure span. These cracks rose rapidly 
to mid-height of the beam and then began to l1forktt out. For beams J-4 and J-8, 
these cracks began at the edges of the unbonded regions. In all the 
42 
• beams, inc~easedloading produced extensive forking of cracks, and as the ultimate 
load was approached, vertical cracks extended up from these "forkedf1 cracks. Be-
yond first crushing, the beams offered small resistance to load. Crushing extended 
downward rapidly, and final collapse was quite violent. 
Beam J-2 was initially cracked in the flexure span. Beam J-4 failed in 
shear by crushing of the concrete at the top of an inclined crack and near the load-
ing point. 
Fig. 13 shows the load-deflection curves for these beams. In all beams 
there was no abrupt change in the load-deflection characteristics at first crack-
ing. The beams continued to resist load during all stages up to crushing. Gener-
ally, the behavior of the beams was similar to the behavior of beam J -1. 
Beam J-5 had unbonded lengths of 30 in. in each shear span •. With re-
lease of prestress, the beam deflected upward 0.057 in. Most of this deflection 
occurred within the shear span since the stiffness of the shear span was less than 
the stiffness of the flexure span. up to cracking, the load-deflection relation-
ship was linear. Cracks were noted first in the shear span at the edge of the 
unbonded regions. These cracks developed rapidly and at a load of 9.5 kips were 
within two inches of the top of the beam. Additional load produced crackihg within 
the flexure span. At a load of 11.5 kips, four cracks spaced 8 to 10 in. apart 
bad risen to mid-height of the beam. As more load was applied the crack develop-
ment was confined mainly to the flexure span. In this region, the cracks forked 
out and rose at a slow rate. The widths of the two major cracks in the shear span 
increased to about 0.25 in. At a load of 18.5 kips slight crushing was noted 
above these cracks. Additional load did not produce further crushing at this 10-
cation because of the restraining action of the external stirrups and the loading 
block. At a load of 21 kips, crushing was noted in the flexure span. With a small 
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additional load the zone of crushing moved down rapidly and final failure was 
rapid and violent. Fig. 33 shows beam J-5 in the later stages of loading. 
The load-deflection curve of beam J-5 is compared with that of beam J-l 
in Fig. 14. The cracking load was lower for beam J-5 because of the reduced stiff-
ness of the section. Beyond cracking, the rate of increase of load appears to be 
similar for both beams. For similar load levels the center line deflection of 
beam J-5 is larger than the corresponding deflection for J-l. This larger deflec-
tion is attributed to the opening of the cracks in the shear span which made it 
possible for the steel in the unbonded region to reach a level of stress which was 
comparable to the level of stress in the flexure span •. 
19. Average Concrete stress in the Beam at Ultimate 
The average concrete stress in the compression zone of a beam at ultimate 
is denoted by f • For beams of Series J, the values of f have been evaluated 
eu 'cu 
by the following relationship which is a transformation of Eq. 3: 
M f = __ =-______ u______ _ 
cu bd2 ku (1 - k2ku) 
For Series W a similar expression for f was derived by c.ombining 
cu 
Eqs. II and 12: 
M - At f (~" _ d t ) 
f = u s y 
cu bd2 k (1 - k k ) 
u 2 u 
(12) 
(13) 
In Eqs. l2 and 13 all the quantities used to derive f are measured ex-
cu 
cept ~ which was assumed to be 0.42. 
Series W and J are listed. 
In Table 4 the derived values of f for 
eu 
The measured values of f obtained from these tests, together with those 
eu 
reported by several other investigators for both prestressed and ordinary reinforced 
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concrete beams have been plotted against fl, the strength of 6 by l2-in. cylinders, 
c 
in Fig. 34. All the plotted points on Fig. 34 fall in a band which indicates a 
gradual lowering of f as ft is increased. The following expression relating f 
cu c cu 
to fl was fitted by the least squares method to the plotted data in Fig. 34: 
c 
f' f = _______ c______ __ 
cu o.B + 0.0001 f' 
c 
(14) 
where f and ft are in psi. This expression is plotted on Fig. 34 together with 
cu c 
the expressions used previously by Billet and by Feldman and Allen, for prestressed 
beams. 
The observed values of f for S~ries J lie slightly below the previously 
cu 
reported values for similar bonded and unbonded beams. A possible reason for these 
lower observed -values off is that 3/B-in. maximum size aggregate was used 
cu 
whereas the previous beams all had 3/4-in. maximum size aggregate. 
In Series W the observed Of values are considerably lower than previous 
cu 
reported values for f • In these beams, the presence of mild steel bars may have 
cu 
affected the conditions of stress within the compression zone of the beam, however, 
it was observed that these bars did not exhibit tendencies of bowing out until 
after extensive crushing of the concrete. 
20. Concrete Strains on the Top of the Beam 
The caximurn strain at first crushing of the concrete on the top surface 
of the beam is designated as 
€ • 
U 
This quantity does not enter the analYSis in 
Section 14 independently. However, once the parameter F€ is established for any 
u 
beam, then if E is known the magnitude of the strain compatibility factor, F, can 
u 
be estimated. 
For Series W the maximum concrete strain observed ranged from 0.0032 to 
0.0040. In Series J, € was greater than 0.0040 for all beams. These values of 
u 
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E have been plotted against the strength of 6 by l2-in. cylinders in Fig. 35 to-
u 
gether with the values of E reported in references (1), (2), (3) and (5). 
u 
There appears to be no significant trend in € as f' is varied. For the 
u c 
range of f' from 2000 to 7000 psi, most of the observed values of € lie in the 
c u 
range from 0.0028 to 0.0050. The values of € reported are results obtained from 
u 
strain measurements employing SR-4 electric strain gages which were either one or 
six inches long. It is significant to note that the I-in. strain gages measured 
maximum concrete strains which were larger than the strains observed using 6-in. 
gages. In any beam, cracking affects the distribution of top concrete strains. 
Thus, whenever a 6-in. gage is used to measure the maximum strain in a region of 
strain concentration, an aver~ge strain over the gage length is obtained. Closely 
spaced I-in. gages will give readings which will be higher than those of 6-in. 
gages, and will describe better the variations in concrete strains. In Fig. ,35 
an average value of 0.004 has been chose~for the maximum concrete strain €u. A 
large percentage of the reported values of E are smaller than 0.004, however, as 
u 
most of these are values obtained from measurements using 6-in. gages, the maxi-
mum strains are probably higher than these n average fl values. 
A check on the reliability of the electric strain gages bas been mentioned 
previously in Section 12(b). Comparisons of average strains on the top of the 
beam throughout the flexure span obtained by electrical measurements compared 
favorably with the results of mechanical measurements. 
21. Derived Values of the Parameter F€ 
u 
The values of the parameter F€ have been derived for Series Wand J 
u 
using a transformation of Eq. 9: 
F~ 
u 
€ 
sa (15) 
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In computing the value of F€ the steel strains bave been derived from the meas-
u 
ured moment at first crushing, and k has been obtained from measurements of the 
u . 
crack height. Using the same procedure, values of FE have also been evaluated 
u 
for previously tested bonded and unbonded beams from data presented by Billet (1), 
Feldman (2) and Allen (3). All of the values thus obtained are plotted in Fig. 36 
as a function of k • 
u 
The values of FE obtained for Series W lie in the range of values pre-
u 
viously observed for unbonded beams. The expression derived by Allen to relate 
FE to k for beams loaded at the third points should, therefore, be satisfactory 
u u 
also for unbonded beams with added top and bottom mild steel. 
For fully bonded and partially bonded beams Fig. 36 shows that the de-
rived values of FE are scattered, particularly for the lower values of k. This 
u u 
scatter is due primarily to strain concentrations which have been previously dis-
cussed in Section 16. To compare the data shown in Fig. 36 a value of 0.004 for 
the crushing strain, E , as discussed in Section 20 bas been chosen. When there 
u 
are no strain concentrations in fully bonded beams the strain compatibility factor, 
F, should be at least one. If E is chosen to be 0.004, then, with no strain con-
u 
centrations, FE will be 0.004 regardless of k. This represents the ftideal" 
u u 
bonded beam. The scatter of FE observed in Fig. 36 is, then, primarily a conse-
u 
quence of strain concentrations, which vary in bonded beams. Those beams having 
low values of Q' (and resulting low k values), usually have a small number of 
u 
cracks so that the strain concentrations are probably appreciable in magnitude. 
Beams having large values of Q' will have cracks which are spaced more closely 
together than those of low Q' beams and the resulting strain concentrations will be 
less. It is seen from Fig. 36 that as k increases, the values of FE approach 
u u 
closer to FE = 0.004. For E equal to 0.004 the derived values of F range from 
u u 
about 0.4 to 1.2. 
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For the unbonded beams, much lower values of F€ have been derived. The 
u 
primary reasons for these low values of F€ are loss of bond in the shear span and 
u 
strain concentrations, which have been discussed in Section 16. If loss of bond 
in the shear span were the only factor affecting the value of F€ for unbonded 
u 
beams, it would be possible to relate F€ derived from the unbonded beams to the 
u 
value for bonded beams. For practical purposes this could be done by taking the 
value of F€ for the unbonded beam and modifying it by the ratio of the total 
u 
length of the beam to the length of the flexure span. In Fig. 36 the'broken line 
was obtained by multiplying the ordinates of the solid line by three which repre-
sents the ratio mentioned for beams loaded at the third points. Since the solid 
line included both the effects of unbonding in the shear span and strain concen-
tration for unbonded beams, the broken line should be representative of bonded 
beams having strain concentration characteristics of unbonded beams. Because of 
the wider spacing of cracks and different deformation characteristics, the strain 
concentrations in unbonded beams are usually more acute than in bonded beams. For 
this reason the broken line would be expected to represent a lower limit to the 
values of F€u observed in bonded beams, and it does. 
400 
200 
o 
The foregoing statements can be summarized in the following sketch: 
o 
SKETCH B 
r----- Bonded beams - no strain concentration 
Actual test results - bonded beams. 
--
0.2 0.4 
--
--~ Bonded bea.Y>'\~ 
-- -- '-- ~ with strain 
k 
u 
concentration character-
istics of unbonded beams 
~ Unbanded beams 
I i 
0.6 0.8 
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If it were possible to evaluate quantitatively the effects of strain con-
centration, a general expression relating F€ with k for both bonded and unbonded 
u u 
beams could be derived. However, because of the scatter of the data from the 
bonded beams, such a relationship has not been attempted in this report. 
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VI. SUMMARY AND CONCLUSIONS 
The objective of the tests described in this report was to study further 
the effects of several variables on the flexural strength and behavior of pre-
stressed concrete beams. Two series of beams were tested. In Series W the effect 
of added top and bottom mild steel in post-tensioned unbonded beams was studied. 
The behavior of fully bonded and partially bonded beams was studied in Series J. 
There were three beams in Series Wand eight in Series J. All the beams 
were rectangular and had a nominal cross-section of 6 by l2-in. Beams of Series W 
were 10-ft. long and those of Series J were II-ft. long. All beams were reinforced 
with cold drawn high strength steel wire reinforcement. The level of prestress was 
nominally 120,000 psi for all the beams. All beams were loaded at the third points 
of a 9-ft. span. The major variable for Series W was the percentage of steel. For 
Series J the variables were the percentage of steel and partial unbonding. The 
percentage of steel for all the beams ranged from about 0.2 to 0.8. The concrete 
mixes were designed to yield cylinder strength of 4500 psi, however, the strengths 
varied from 4000 to 5500 psi. 
n 
The analysis presented in this report is a modification of Stussi's 
theory for flexural failure. A strain compatibility factor has been introduced 
which, together with k , relates the steel strain to the maximum compressive con-
u 
crete strain. An expression for the ultimate steel strain in terms of the para-
meter F€ has been derived. This analysis is general and applies to bonded or un-
u 
bonded beams; however, for each case a different value ··for the parameter F€ must 
u 
be used. It bas been shown that strain concentrations and loss of bond in the 
shear spans are the primary factors affecting the variations in F€ • 
U 
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The behavior of beams of Series W was similar to beams previously tested 
which bad only additional bottom mild steel (3). For these beams, the moment 
capacity was larger than for similar unbonded beams. This was due to the resist-
ing moment of the added mild steel reinforcement. The wire reinforcement stresses 
at ultimate, hQyever, were not increased significantly from those observed in un-
bonded beams wi~hout bonded mild steel. The primary effect of the bonded mild 
steel was to distribute the cracks and consequently reduce the strain concentrations 
at the top surface of the beam. The derived values of F€ for these beams, how-
u 
ever, were in the range previously observed for unbonded beams. Values of the 
effective stress in the compression zone at ultimate, f ,were lower than those 
cu 
previously observed for unbonded beams. It is possible that the presence of the 
mild steel reinforcement affected the stress conditions within the compression zone 
at ultimate; however, the reinforcement did not bow out until extensive crushing 
of the concrete occurred. 
The behavior of the pretensioned beams was similar to that of the post-
tensioned beams tested previously (1). However, larger values of the maximum con-
crete strain at crushing, € , were measured although the distribution of concrete 
u 
strains throughout the flexure span was similar. Values of f derived for the 
cu 
pretensioned beams were slightly lower than those reported for post-tensioned 
grouted be~. These values of f have been compared with the results of other 
cu 
investigations and a simple relation for f in terms of f' bas been derived. In 
cu c 
general, no major differences were noted in the behavior of pretensioned beams as 
compared to post-ten~ioned grouted beams. 
The behavior of the partially bunded beams was similar to the behavior 
of a comparable fully bonded beam. The load-deflection curves for the beams with 
varying degrees of bond in the flexure span were all similar. The level of stress 
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in the reinforcement at ultimate was comparable to that observed in fully bonded 
beams. Derived values of f were also in the range of values observed for the 
cu 
other bonded beams. For these beams, however, the crack pattern was different. 
All beams bad only three or four cracks within the flexure span. These cracks 
forked extensively in the later stages of loading and the resulting crack patterns 
were similar to fully unbonded beams. The behavior of the beam which was unbonded 
in the shear spans only was like that of a fully bonded beam because failure was 
prevented in the shear span. The values of F€ derived from the tests of partially 
u 
bonded beams were comparable to those derived from the tests of fully bonded beams. 
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TABLE 1 
SIEVE ANALYSIS OF AGGREGATES 
Percentages Retained 
Aggregate 
A B C Lot 
Sieve 
1 1/2" 0 . ; 
3/4ft 22.6 
r-1 
OJ 3/8" 68.5 1.2 3.2 :> 
ttl 
H 
0 No. 4 89.6 96.2 93.2 
No. 8 93 .. 0 97 .. 9 99 .. 4 
No. 16 94.1 98.2 99.6 
No. 4 3.2 0 .. 3 2.5 
No. 8 16.6 10.5 19·2 
No. 16 33.5 24.9 43.4 
rd 
~ No. 30 64.4 42.5 71.0 ttl 
U) 
No. 50 93.2 93.2 95.0 
No. 100 98 .. 9 98.2 98.5 
Fineness Modulus 3.10 2.70 3.30 
-=t 
lJ'\ 
Beam 
Batch 
W-1 
W-2 
W-3 
J-1 
J-2 
J-3 
J-4 
J-5 
J-6 
J-1 
J-B 
Cement:Sand:Grave1 
by weight 
1 2 
1:2.73:4.20 1:2.73:4.20 
1:2.80:4.19 1:2.80:4.19 
1:2.77:4.19 1:2.77:4.19 
1:3.20:3.50 1:3.20:3.50 
1:3.19:3.44 1:3.19:3.44 
1:3.18:3.49 1:3.18:3.49 
1:3.33:3.43 1:3.33:3.43 
1:3.20:3.45 1:3.20:3.45 
1:3.24:3.45 1:3.24:3.45 
1:3.20:3.46 1:3.20:3.46 
1:3.18:3.42 1:3.18:3.42 
TABLE 2 
PROPERTIES OF CONCRETE MIXES 
water/cement Slump 
by weight in. 
1 2 1 2 
0.76 0.76 3 4 1/2 
0.70 0.69 3 4 
0.71 0.69 3 1/2 3 1/2 
0.74 0.74 2 2 1/2 
0.79 0.79 4 4 1/2 
0.77 0.77 1 3 
0.77 0.77 4 4 
0.71 0.71 2 3 
0.70 0·70 3 3 1/2 
0.71 0.71 4 1/2 4 1/2 
. 
0.76 :0.76 3, 2 1/2 
Compressive Modulus of .Age at Aggre-
strength, fl Rupture, f Test gate 
. c r days Lot PSl ;Esi 
1 2 1 2 
5490 5430 454 410 8 A 
4750 4760 452 460 6 A 
4960 5120 426 435 6 A 
4210 3970 428 388 8 B 
4990 5090 492 525 7 B 
5250 5280 477 451 7 B 
5430 4970 535 456 1 B 
5060 4900 547 425 1 B 
5460 5100 461 475 1 C 
6190 5230 397 418 8 C 
4410 4110 460 412 7 C 
lA 
lA 
Beam 
W-1 
W-2 
W-3 
J-3 
J-1 
J-7 
J-2 
J-6 
J-4 
J-8 
J-5 
b d 
in. in. 
6.01 7·30 
5.97 7.48 
6.01 7.51 
6.01 9.10 
6.30 9.06 
6.06 9.08 
6.09 9.00 
6.08 8.90 
6.04 8.95 
6.09 8.98 
6.06 9.00 
d' 
in. 
1.17 
1.17 
1.22 
-.,.--
d" 
in. 
10.47 
10.53 
10.49 
TABLE 3 
PROPERTIES OF BEAMS 
No .. of Wire s 
and Area, A 
. s sq. l.n. 
·6-0.179 
10-0.299 
12-0.358 
3-0.091 
7-0.211 
12-0.362 
7-0.211 
7-0.211 
7-0.211 
7-0.211 
7-0.211 
Wire A'· = A" S s 
Type sq. in. 
IX 0.22 
IX 0.22 
IX 0.22 
x 
X 
x 
X 
X 
X 
X 
X 
f y 
ksi 
47.7 
47.9 
48.0 
P 
% 
0.408 
0.670 
0·792 
0.166 
0.369 
0.658 
0.384 
0.390 
0.391 
0.387 
0.386 
p'=p" 
% 
0·502 
0.494 
0.487 
f' f f 
c r se 
psi psi ~~si 
5430 410 121.4 
4760 460 124.4 
5120 435 122.0 
5280 451 118.2 
3970 388 1i4.0 
5230 418 111.2 
5090 525 117.1 
5100 475 112.3 
4970 456 114.0 
4110 412 112.1 
4900 425 115.0 
· ~.. .. 
.. - --
w.- .~.. •• ____ • __ • _______ 
\0 
l1'\ 
TABLE 4 
MEASURED AND DERIVED QUANTITIES 
M M Ali' (d"-d') k d k f f f Q' er u s y u u su se 
F€ x105 
eu 
in. in. 
Beam in. kips kips kips in. ksi ksi u psi 
(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13 ) 
W-1 149 166 314 98 1·90 0.260 158 159 186 121.4 45 3060 40.0 
W-2 201 194 402 99 2·90 0.388 148 148 162 124.4 50 2850 70.5 
W-3 203 204 423 97 3.20 0.426 141 134 147 122.0 55 2780 85.3 
J-3 123 126 198 1·50 0.165 240 252 118.2 303 3470 14.5 
J-l 171 180 361 3·35 0·370 215 218 114.0 190 2560 43.3 
J-7 270 273 569 3.80 0.418 208 205 111.2 243 3580 55.1 
J-2* 362 2.45 0.272 216 219 117·1 179 3050 37.8 
J-6 160 173 365 2.28 0.256 218 218 112·3 164 3320 35.3 
J-4** 153 171 
J-8 162 167 370 2.36 0.263 220 220 112.1 103 3230 36.0 
J-5 160 171 404 2 .. 30 0.207 233 222 11).0 1j2 3525 32.8 
Colunm 
(1) Measured in test (9) From M -Aif (d"-d') and measured (12) From Eqs. 12 and 13 
(2) Based from f measured u s y 
* 
Bea.m J-2 was initially 
from controlrspecimens k for Series W, M and measured k u u u cracked in flexure span 
en From SR-4 gages for Series J 
** 
Beam J~4 failed in shear 
(8) From Dynamometers (11) From Eq .. 15 using f from column 9 
and measured k su 
u 
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FIG. 29 DEFORMATION DIAGRAM FOR AN UNBONDED BEAM 
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FIG. 30 ASSUMED CONDITIONS OF STRESS AND STRAIN FOR BEAMS WITH ADDED TOP AND BOTTOM MILD STEEL CP 0\ 
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FIG. 33 CRt\CK PATTERN FOR BEAM UNBONDED IN SHEAR SPANS ONLY 
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